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pi I Abstract. We give an analogue in positive characteristic of the description of the non- 

. nef locus from [ELMNP]. In this case, the role of the asymptotic multiplier ideals is 

played by the asymptotic test ideals. The key ingredient is provided by a uniform global 
generation statement involving twists by such ideals. 



o 



O: 
< 

(-H ! 1. Introduction 

Let X be a smooth, projective variety over an algebraically closed field k. If D 
is a divisor on X, then for every positive integer m we may consider the closed subset 
CN I Bs(mD), the base-locus of the linear system |mD|. The intersection nm>i Bs(mD) is equal 

to Bs{iD) for i divisible enough; this is the stable base locus B(D) of D. By definition, 
^1 we have B(Z}) = B(rD) for every positive integer r, and using this one extends in the 

I obvious way the definition of B(Z}) to the case when D is a Q-divisor. 

^ ■ The stable base locus is a very interesting invariant, but it is quite subtle: for ex- 

ample, two numerically equivalent divisors can have different stable base loci. A related 
subset is the non-nef locus, defined as follows. If D is an R-divisor on X, then 

><■ B4D):=\jBiD + A), 

where the union is over all ample R-divisors A such that D + A is a. Q-divisor. It follows 
from the definition that B„(Z}) only depends on the numerical equivalence class of D, 
and B_{D) is empty if and only if D is nef. 

This locus was studied in [ELMNP] over a ground field of characteristic zero. The 
key tool in this study is the asymptotic multiplier ideal and a certain uniform global 
generation result for twists by such ideals. In that context, the global generation statement 
is a consequence of vanishing theorems of Kodaira-type and of Castelnuovo-Mumford 
regularity. The main point of the present paper is that a similar uniform global generation 
result also holds in positive characteristic, if one replaces the asymptotic multiplier ideal 
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by the asymptotic test ideal (despite the fact that in positive characteristic Kodaira's 
vanishing theorem and its generahzations may fail). 

We recall that test ideals give an analogue in positive characteristic of multiplier 
ideals in characteristic zero. They were introduced by Hara and Yoshida in [HY] using 
a generalization of tight closure theory, and it was noticed from the beginning that they 
satisfy similar formal properties with those of multiplier ideals in characteristic zero. 
Furthermore, there are some very interesting results and open problems concerning the 
connection between multiplier ideals and test ideals via reduction mod p. We refer to §3 
for the definition of test ideals and to [ST] for a more comprehensive overview. 

As it is the case for multiplier ideals in characteristic zero, for a divisor D on a 
variety X in positive characteristic with Ox{D) of non-negative litaka dimension, one 
can use an asymptotic construction to obtain asymptotic test ideals r(A- || -D ||) for every 
A G R>o- The following is our main technical result (see Theorem 4.1 below). 

Theorem A. Let X be a smooth projective variety over an algebraically closed field of 
positive characteristic and let H be an ample divisor on X, with Ox{H) globally gener- 
ated. If D and E are divisors on X such that Ox{D) has non- negative litaka dimension, 
and A G Q>o is such that E — \D is nef, then the sheaf 

r(A- \\D\\)®o^ Ox{Kx + E + dH) 

is globally generated for every d > dim(X) + 1. 

Here Kx denotes a canonical divisor on X. For the corresponding result in character- 
istic zero, in which r(A- || -D ||) is replaced by the asymptotic multiplier ideal J7'(A- || D ||), 
see [Laz, Corollary 11.2.13]. It was Schwede who first noticed in [Sch] that one can use an 
argument due to Keeler [Kec] and Hara (unpublished) to obtain global generation state- 
ments involving test ideals. The idea is to use Castelnuovo-Mumford regularity and the 
fact that by pushing-forward via the Frobenius morphism one can reduce the desired van- 
ishings to Serre's asymptotic vanishing. Our argument follows the one in [Seh], with some 
modifications coming from the fact that we need to consider test ideals of not necessarily 
locally principal ideals, and we have the extra nef divisor E — XD to deal with (in order 
to do this, we use Fujita's vanishing theorem instead of Serre's asymptotic vanishing). 

Once we have the above uniform global generation statement and its corollaries, 
the basic results describing B^{D) for a big divisor D follow as in [ELMNP]. Recall that 
given a closed point a; G and a big divisor D on X, one defines the asymptotic order 
of vanishing ord^.(|| D ||) by 

1 /II n UN • r OTd^\mD\ oi<l^\mD\ 
ord^ D \\) := mi = lim 



^lii the main body of the paper we will deal with an arbitrary irreducible proper closed subset Z C X, 
not just with points. 
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where orda; ImDl is the order of vanishing at x of a general element in |mD|. The following 
are the main properties of this function (see Theorem 6.1 below). 

Theorem B. Let X be a smooth projective variety over an algebraically closed field of 
positive characteristic, and x a closed point on X. 

i) For every big divisor D, the asymptotic order of vanishing orda;(|| D ||) only 
depends on the numerical class of D. 

ii) The function D — )■ ord^jdl D ||) extends as a continuous function to the cone of 
big divisor classes Big(X)R. 

In characteristic zero, this was also proved by Nakayama in [Nak]. As a consequence 
of Theorems A and B, we obtain the following description of the non-nef locus (see The- 
orem 6.2 below). 

Theorem C. Let X be a smooth projective variety over an algebraically closed field of 
positive characteristic and x a closed point on X. For a big divisor D, the following are 
equivalent: 

i) X does not lie in the non-nef locus B_(D). 

ii) There is a divisor G on X such that x does not lie in the base locus of ImD + G\ 
for every m > 1. 

iii) There is a real number M such that ord^ \mD\ < M for every m with \mD\ 
non-empty. 

iv) ord,(||D||)=0. 

v) For every m > 1, the ideal r(|| mD ||) does not vanish at x. 

At the boundary of the big cone, the situation is more complicated. If D is a pseudo- 
effective R-divisor, then D + A is big for every ample R-divisor A. As in [Nak], we 
define (Tx{D) := sup^orda,(|| D + A ||), where A varies over all ample R-divisors. This is 
tautologically a lower semi-continuous function on the pseudo-effective cone, but it is not 
continuous in general. Following an idea of Hacon, we show that for every A G R>o, there 
is a unique minimal element in the set of ideals r(A- || D + A ||), where A is as above. 
We denote this ideal by r+(A- || D ||). The following theorem gives the description of the 
non-nef locus for pseudo-effective divisors. 

Theorem D. Let X be a smooth projective variety over an algebraically closed field of 
positive characteristic and x a closed point on X. If D is a pseudo-effective R-divisor on 
X, then the following are equivalent: 

i) X does not lie in the non-nef locus B_(Z}). 

ii) a,{D) = 0. 

iii) For every m > 1, the ideal r+(m- || -D ||) does not vanish at x. 
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The paper is organized as follows. In §2 we review, following [ELMNP], the definition 
and elementary properties of the asymptotic order function and of the non-nef locus. In 
§3 we recall the definition of test ideals and of its asymptotic version. We prove here that 
given an arbitrary graded sequence of ideals, its asymptotic order of vanishing along a 
subvariety can be computed from the orders of vanishing of the corresponding sequence of 
asymptotic test ideals. Section 4 contains the proof of our key technical result. Theorem A. 
Some applications to asymptotic test ideals and their F- jumping numbers are given in the 
following section. In §6 we deduce the results stated in Theorems B and C above, while the 
last section of the paper contains the description of the non-nef locus for pseudo-effective 
R-divisors. 

Acknowledgment. I am indebted to Karl Schwede for several inspiring conversations on 
the results of his preprint [Sch] and for comments on a preliminary version of this note. I 
would also like to thank Rob Lazarsfeld for many discussions over the years on multiplier 
ideals and asymptotic invariants. Last but not least, I am grateful to the anonymous 
referees for their comments. 



2. Non-nef loci and asymptotic orders of vanishing 

In this section we review, following [ELMNP], the definition of the non-nef locus and 
of the asymptotic order of vanishing of a divisor along a subvariety. Let X be a smooth 
variety^ over an algebraically closed field k (in this section we make no restriction on the 
characteristic). 

Recall that a graded sequence of ideals on X consists of a sequence a, = (am)m>i of 
ideals of Ox (all ideals are assumed to be coherent) that satisfies 

(1) ^iri\ ' ^1712 — ^mi+m2 

for all mi, 7712 > 1- We assume that all our graded sequences are nonzero, that is, am ^ 
for some m > 1. 

The most interesting examples of graded sequences arise as follows. Suppose that 
X is complete, and that D is a divisor on X such that Ox{D) has non- negative litaka 
dimension. Let a\mD\ be the ideal defining the base locus of Ox{fnD), that is, evaluation 
of sections induces a surjective map 

H%X, Ox{mD)) ®Ox^ a\mD\ ■ Ox{mD). 

In this case af = {ot.\rnD\)m>i is a graded sequence of ideals (note that some a.\mD\ is 
nonzero by the assumption on the litaka dimension of Ox{D)). 



'We assume that all varieties are irreducible and reduced. 



THE NON-NEF LOCUS IN POSITIVE CHARACTERISTIC 



5 



Suppose now that X is not necessarily complete and Z is an irreducible proper closed 
subset of X. For a nonzero ideal a on Z we denote by ord2(a) the order of vanishing of a 
along Z; in other words, if Ox,z is the local ring of X at the generic point of Z, having 
maximal ideal m^, then ord2(a) is the largest r such that a ■ Ox,z ^ tn^- By convention, 
we put ord2:(0) = oo. It is clear that given two ideals a and a' on X, we have 

(2) oidz{a ■ a') = ord^(a) + ord^(o'). 

If a, is a graded sequence of ideals on X, then the asymptotic order of vanishing of 
a, along Z is 

ord^la.) := mt . 

m>l m 

It is easy to deduce from properties (1) and (2) that ord^(a,) = lim^^oo "'^'^ m""'' ' where 
the limit is over those m such that Om is nonzero (see for example [JM, Lemma 2.3]). 

If X is complete and D is a divisor on X such that Ox{D) has non-negative litaka 
dimension, then we consider the graded sequence af = {ot.\m.D\)m>i- The asymptotic order 
of vanishing oidz{<^^) is denoted by ord^(|| D ||). Since ord^(|| D ||) is the limit of 
the corresponding normalized orders of vanishing, we have the equality ord^dl mD ||) = 
m-ord^(|| D ||) for every positive integer m. Given a Q-divisor D with h^{X^ Ox{fnD)) ^ 
for some positive integer m such that mD has integer coefficients, we can therefore define 
ord^dl D II) := ^ord^dl mD ||). It is clear that this is well-defined and ord^(|| \D \\) = 
A ■ ord^dl D II) for every A G Q>o. 

Remark 2.1. If D and E are divisors on X such that both Ox{D) and Ox{E) have 
non- negative litaka dimension, we have a|mD| ■ ^\mE\ ^ '^\m{D+E)\ for every m. This easily 
implies 

ordzdl + ^ II) < ordzdl D\\) + ordz(|| E \\). 

We now turn to the definition of the stable base locus and of the non-nef locus. Sup- 
pose that X is a smooth projective variety. We denote by N^(X)r the finite-dimensional 
real vector space of numerical equivalence classes of R-divisors on X, and by Big(X)R, 
the big cone, that is, the open cone of big R-divisor classes. The closure of the big cone 
is the cone of pseudo-effective divisor classes. 

For a divisor D on X, we denote by Bs(D) the base-locus of \D\ (with the reduced 
scheme structure). It is clear that for every positive integers m and r, we have 'Qs{rmD) C 
Bs(mD), hence the Noetherian property implies that the intersection f]^>-^ Bs(mi5) is 
equal to Bs(£D) if £ is divisible enough. This is the stable base locus of D, denoted by 
B(D). It is clear that B(Z)) = B(rD) for every positive integer r. Therefore we can define 
B(D) for a Q-divisor D as B(rD), where r is any positive integer such that rD has integer 
coefficients. 
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Suppose now that D is an R-divisor on X. The non-nef locus of D (called restricted 
base locus in [ELMNP]) is the union 

B4D) = [jB{D + A), 

A 

where the union is over all ample R-divisors A such that D + A is a. Q-divisor. The prop- 
erties in the following proposition are simple consequences of the definition, see [ELMNP, 

§!]• 

Proposition 2.2. Let Di and D2 be H-divisors on X . 

i) B_(L)i) = B_(ADi) for every A > 0. 

ii) If Di and D2 are numerically equivalent, then B_(£)i) = B_(D2). 

iii) The non-nef locus B_(Di) is empty if and only if Di is nef. 

iv) If Di is a Q-divisor, then B_(Di) C B(Di). 

v) We have B_(Di + D2) C B^{Di) U B^{D2). 

vi) // {Am)m>i is a sequence of ample H-divisors with each D + Am having rational coef- 
ficients, and such that the classes of the A.^ converge to zero in N\X)r, then B„(L)) = 
U™>i B(/^ + A^) = U„>, B4D + AJ. 

It is not known whether B^{D) is always a Zariski closed subset of X, though 
property vi) above shows that it is a countable union of closed subsets. This property also 
implies that if the ground field k is uncountable, then B_(D) = X ii and only if D is not 
pseudo-effective. 

3. Asymptotic test ideals 

We start by reviewing the definition of test ideals. These ideals have been introduced 
and studied in [H\']. Since we only deal with smooth varieties, we use an alternative 
definition from [BMS], which is more suitable for our applications (this description goes 
back to [HT, Lemma 2.1]). Suppose that X is a smooth n-dimensional variety over an 
algebraically closed field k of characteristic p > (in fact, for what follows it is enough to 
assume k perfect). Let ux denote the sheaf of ra-forms on X. We denote by F: X ^ X 
the Frobenius morphism, that is given by the identity on the topological space, and by 
taking the p-power on regular functions. 

The key object is the trace map Tr = Tr^ : F^{ux) — >■ wx- This is a surjective map 
that can be either defined as a trace map for duality with respect to F, or as coming from 
the Cartier isomorphism. Given algebraic coordinates xi, . . . ,Xn on an open subset U of 
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X, the trace map is characterized by 

Tt{x\^ ■ ■ ■ x'^dxi A ■ ■ ■ A dx„) = " ■ ■ ■ Xn " dxi A ■ ■ ■ A dxn, 

where the monomial on the right-hand side is understood to be zero if one of the exponents 
is not an integer. Iterating this map e times we obtain a surjective map Tr^ : F^{ujx) ^x- 

Given an ideal b in Ox and e > 1, the image Tr'^(b ■ ux) can be written as h^'^'P^^-ux 
for some ideal bt^/^"' in Ox- This is not the definition in [BMS], but it can be easily seen 
to be equivalent to the definition therein via [BMS, Proposition 2.5]. For example, when 
a is the ideal defining a smooth divisor E on X, we have (a™)!^/^''! = Ox{—\fn/p^\E), 
where \u\ denotes the largest integer < u. 

Given a nonzero ideal a on X and A G R>o, one shows that 

for every e > 1. Here we put \u\ for the smallest integer > u. By the Noetherian property, 
there is an ideal r(a'^), the test ideal of a of exponent A, that is equal to (a'^'^^^^) '^^^ ' for 
e ^ 0. One can show that if r is a positive integer, then T{a^^) = T{{a^)^). Furthermore, 
we have a C r(a). 

Test ideals share many of the properties of the multiplier ideals. If a C b, then 
r(o^) C T{b^) for every A. We have r(a^) = Ox if < A < 1. For A > /i we have r(o^) C 
r(a^). Given A > 0, there is e > such that T{a^) = r(o^) for /i with A < /i < A + e. 
One says that A > is an F-jumping number of a if r(a'^) 7^ t(ci'^') for every A' < A. It is 
known that the set of F-jumping numbers of a is a discrete set of rational numbers. For 
the proof of all these properties, we refer to [BMS]. 

A nice feature of the theory is that the Subadditivity Theorem for multiplier ideals 
(see [Laz, Theorem 9.5.20]) has an analogue in this setting. This says that for every 
nonzero ideals a and b and every A > 0, we have 

(3) r((a-b)^)Cr(a^).r(b^). 

In particular, we have r(a'^^) C r(a'*')"^ for every positive integer m. For a proof see [BMS, 
Proposition 2.11]. 

One can similarly define a mixed test ideal: given nonzero ideals a and b in Ox and 
A,/i G R>o, there is an ideal r(a^b^) that is equal to (a^^P'^b^t^P'^y^/p"] for e > 0. One can 
show that for every A and /i, there is e > such that r(a'^b^) = r(a'^ b^ ) if A < A' < A + e 
and ^ < fi' < fj, + e (this follows by adapting the argument in the non-mixed case, see the 
proof of [BMS, Proposition 2.14]). The notion of mixed test ideals will only come up in 
the proof of Proposition 3.1 iv) below. 
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It is straightforward to define an asymptotic version of test ideals, proceeding in 
the same way as in the case of multipher ideals (this has been noticed already in [Ha], 
where the construction was used to compare symbolic powers with usual powers of ideals 
in positive characteristic). Suppose that a, is a graded sequence of ideals on X (recall 
that we always assume that some is nonzero) and A G R>o- If m and r are positive 
integers such that is nonzero, then 

r(a^/"^)=r((a:J^/"^'-)^r(aV-), 

where the inclusion follows from C a^r- It follows from the Noetherian property that 
there is a unique ideal r(a^) such that r(am™) C r(a^) for all m (such that is nonzero), 
with equality if m is divisible enough. This is the asymptotic test ideal of o, of exponent 
A. We collect in the next proposition some easy properties of asymptotic test ideals. The 
proof follows the case of multiplier ideals (see [Laz, §11.2]). 

Proposition 3.1. Let a, and b, he two graded sequences of ideals on X. 

i) We have T(a^) C r(a^) for every A > /i. 

ii) We have r(a^'^) C r(a^)™ for all positive integers m. 

iii) For every A G R>0; there is e > such that r(a^) = r(a^) for all fi with A < /i < 
\ + e. 

iv) // there is a nonzero ideal c on X such that c ■ am ^ for all m ':$> 0, then 
r(a^) C r(b^) for all A G R>o. 

Proof. The assertions in i) and ii) follow from the definition of asymptotic test ideals, 
using the corresponding properties in the case of test ideals. For iii), let m be such that 
r(a^) = r(am'"). There is e > such that r(am'") = T{am~^^^^"^) C r(a^"'"^), which proves 
iii). 

For iv), given A G R>o let us choose m such that r(a^) = r(am'"). If £ ^ 0, then 
riat) = Tia'Jn = r(c^/-^aV-) = r((cafjV-0 ^ r((cam.)'/™0 ^ rib'Jr') C r(b^). 

□ 

We say that A > is an F-jumping number of a, if T(a^) ^ ^(0^^) for every /i < A. 
We will see in §5 that if a, is associated to a divisor on a projective variety, then the set 
of F-jumping numbers of a, is discrete. 

If a, is a graded sequence as above, we also consider b, = {bm)m>i, where b^ = 
r(a^). Note that am C r(am) ^ bm for every m. The sequence b, is not a graded sequence, 
but Proposition 3.1 ii) implies that bmr ^ b^ for every m,r > 1. Furthermore, we have 
bmi ^ bma for mi > 777,2. It is easy to deduce that if Z is an irreducible proper closed 
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subset of X, then 



-, . ord^(b^) ordziK 
ord^(b,) := sup = lim 



(see [JM, Lemma 2.6]). 

Proposition 3.2. // a, is a graded sequence of ideals on X and b, is the corresponding 
sequence of asymptotic test ideals, then for every irreducible proper closed subset Z of X , 
we have ord^(a,) = oidzifo*)- 

Proof. Since C b^ for every m, it is clear that we have ord^(am) > ord^(bm) for all 
m, hence ord^(o,) > ord2(b,). In order to prove the reverse inequality, given m > 1, let 
us choose r such that bm = T(amr)- It follows from Proposition 3.3 below that 

J /t. \ ^ °^^^(^"^) oidz{a„,r) codim(Z,X) codim(Z,X) 
ordz(b.) > > > ord2(a.) . 

m mr m m 

Since this holds for every m > 1, we deduce that ord2(b,) > ordz(a,), which completes 
the proof of the proposition. □ 

The next proposition is an instance of the fact that "the test ideal is contained in 
the multiplier ideal", which goes back to [HY, Theorem 3.4]. We give a direct proof, since 
the argument is particularly transparent in our setting. 

Proposition 3.3. If a is a nonzero ideal on X and Z is an irreducible proper closed 
subset of X , then for every X G R>o we have 

ordz(r(a^)) > A ■ OTdz{a) - codim(Z,X). 

Proof. Since construction of test ideals commutes with restriction to an open subset, after 
replacing X by a suitable open neighborhood of the generic point of Z, we may assume 
that Z is smooth. Let vr: Y ^ X he the blow-up of X along Z, with exceptional divisor 
E. li c = codim(Z', X), then the relative canonical divisor Ky/x is equal to (c — 1)E. 

We have a commutative diagram 

(4) f;(p) 

F^i^x) — ^ 

in which the vertical maps are isomorphisms. Note that if J is an ideal in Oy-, then 
p(7r*(J ■ uy)) = n^{J ■ Oy{Ky/x)) ■ ^x- 

Given the nonzero ideal a in Ox, we put b = a - Cy, and consider M := F^i^a"^ -ux)- 
Since Ky/x is effective, we have F^{p)~^{M) C F^^7r*(b"*-a;y), and using the commutativity 
of the above diagram to compute Tixi^) gives 

C 7r,(Oy(Ky/x) ■ (b™)[^/*''^l). 
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If s = ord^(a), then b C Oy{—sE), and since E is nonsingular we have 

OviKy/x) ■ (b™)[i/P^l C Oy((c- 1 - [ms/p'\)E). 

For a fixed A G R>o, let us take m = [Ap^] with e ^ 0, so that [ms/p^J = [AsJ, and we 
conclude 

ordz(r(a^)) = oidzHa^^^'y^''^^) > [Xs\ - c + 1, 
which is equivalent with the inequality in the proposition. □ 

In the following sections we will be interested in the case when X is projective and 
D is a divisor on X such that h^{X^ Ox{fTiD)) ^ for some positive integer m. We then 
denote by r(A- || D ||) the asymptotic test ideal of exponent A associated to the graded 
sequence (a|mD|)m>i- If -D is a Q-divisor such that hP{X, OxijnD)) ^ for some m such 
that mD is integral, then we put r(A- || -D ||) := T{\/r- || rD ||) for every r such that rD 
has integer coefficients. If A = 1, then we simply write r(|| D ||). It is clear from definition 
that if A G Q>o, then r(A- || £) ||) = r(|| \D ||) (note that when A = 0, both sides are 
trivially equal to Ox)- In particular, we see using Proposition 3.1 i) that if D is as above 
and Ai < Aa are in Q>o, then r(|| XiD ||) C r(|| XiD ||). 



4. A UNIFORM GLOBAL GENERATION RESULT 

In this section we prove the main technical result of the paper. Let X be a smooth 
projective variety over an algebraically closed field k of positive characteristic. We denote 
by Kx a canonical divisor (that is, we have Ox{Kx) — ujx)- We put n = dim(X), and 
consider an ample divisor H on X, such that Ox{H) is globally generated. 

Theorem 4.1. With the above notation, let D and E he divisors on X , and A G Q>o- U 
Ox{D) has non-negative litaka dimension, and E — XD is nef, then the sheaf 

r(A- \\D\\)^o^ OxiKx + E + dH) 

is globally generated for every d > n + 1. 

The proof that we give below follows the proof of [Sch, Theorem 4.3], which in turn 
makes use of an argument of Keeler [Kcc] and Hara (unpublished). In our proof we also 
use of the following theorem of Fujita [Fuj]. If J-" is a coherent sheaf on X and A is an 
ample divisor, then there is io such that H^{X, T ®Ox Ox {(-A + P)) = for every i > 1, 
every i > io, and every nef divisor P. 

Proof of Theorem 4-1- By definition of the asymptotic test ideal, we can find m such that 
if am is the ideal defining the base-locus of |mD|, then r(A- || D ||) = r(am'"). Let us fix 
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such m. For e ^ we have r(am'") = (cim^ /Hyi/p'=]^ therefore there is a surjective 
map 

(5) i^:(aL'"^/"^^ ®Ox Ox{Kx)) ^ r(A- || D ||) 

By tensoring with Ox{E + dH) and using the projection formula, we obtain the surjective 
map 

(6) F:{a^^^'/^'^ Ox{Kx+f{E + dH))) ^ r(A- || D \\) Ox{Kx + E + dH). 

On the other hand, we have by definition a surjective map H^{X, Ox{fnD))®kOx{—fnD) — )■ 
am, hence a surjective map 

(7) W ®k Ox{-m\Xpym]D) ^ al^P'/'^\ 

where W = Sym^^P'^"'^ H^{X, OximD)). Tensoring (7) with OxiKx + p%E + dH)) and 
pushing forward by F*^ (note that F^ is exact since the Frobenius morphism is affine), we 
obtain a surjective map 
(8) 

W(»kF:OxiKx+p'iE + dH)-m\Xpym]D) ^ F,^(a|;^^'^/'"1 (S)o^OxiKx+p'iE + dH))). 

It follows from the surjective maps (6) and (8) that in order to complete the proof of the 
theorem, it is enough to show that for e ^ 0, the sheaf 

F^OxiKx +p'{E + dH) - m\Xpym]D) 

is globally generated. In fact, it is enough to show that this sheaf is 0-regular in the 
sense of Castelnuovo-Mumford regularity with respect to the ample globally generated 
line bundle Ox{H) (we refer to [Laz, §1.8] for basic facts about Castelnuovo-Mumford 
regularity). Therefore, it is enough to show that if e ^ 0, then 

(9) W{X, Ox{-iH) F:Ox{Kx + p\E + dH) - m\\p'' /m\D)) = 

for all i with 1 < i < n. 

Using again the projection formula and the fact that F'^ is affine, we obtain 
H\X, Ox{-iH) F:Ox{Kx + p'{E + dH) -m\\p'/m\D)) 
~ H\X,F:Ox{Kx+p'{E + {d-i)H)- m\Xpym]D)) 
~ H\X, Ox{Kx + p^E + {d- i)H) - m\Xpym]D)). 
Note that by assumption d — i > 1 ioT i < n. 

Claim. We can find finitely many divisors Ti,...,Tr on X that satisfy the following 
property: for every e, there is j such that the difference p'^E — m\\p'^ /m^^D — Tj is nef. 
If this is the case, then by applying Fujita's vanishing theorem to each of the sheaves 
J^j = Ox{Kx + Tj) and to the ample divisor {d — i)H we obtain 

W{X,Ox{Kx + p'{E + {d - i)H) - m\Xpym]D)) = 
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for all i with 1 < i < n and all e ^ 0. Therefore in order to finish the proof, it is enough 
to check the assertion in the claim. 

Let us write A = |, for non- negative integers a and b, with b nonzero. For every 
e > 1, we write p'^ = mbs + 1, for non- negative integers s and t, with t < mb. In this case 
[ApVH = as + [^], hence 

p^'E — m\\p'' /m\D = ms{bE — aD) + (^E — m 

and the claim follows since bE — aD is nef by assumption, and t can only take finitely 
many values. This completes the proof of the theorem. □ 

Remark 4.2. In Theorem 4.1, we may allow D to be a Q-divisor: in this case we may 
simply replace D by mD and A by A/m, with m divisible enough. 

5. Applications to asymptotic test ideals of divisors 

In this section we give some consequences of Theorem 4.1 to general properties of 
asymptotic test ideals. From now on, we always assume that X is a smooth projective 
variety over an algebraically closed field k of characteristic p > 0. Our first result says that 
the asymptotic test ideals of a big Q-divisor only depend on the numerical equivalence 
class of the divisor. 

Proposition 5.1. If D and E are numerically equivalent big Q-divisors on X, then 

r(A- \\D\\)=t{X- \\E\\) 

for every A G R>o- 

Proof. The proof follows as in the case of multiplier ideals in characteristic zero, see [Laz, 
Example 11.3.12]. After replacing D and E by multiples, we may clearly assume that both 
D and E have integer coefficients. Let H he a. very ample divisor and n = dim(A). Since D 
is big, there is a positive integer £ such that £D — {Kx + {n+l)H) is linearly equivalent with 
an effective divisor G. It follows from Theorem 4.1 that r(|| {m — £)D \\)®Ox Ox{fTiE — G) 
is globally generated for every m > i, hence r(|| (m — i)D ||) is contained in the ideal 
a\mE-G\- Therefore 

Ox{-G) ■ r(|| (m - i)D ||) C a\G\ ■ a\mE-G\ ^ a\mE\ 

and we deduce 

Oxi-G) ■ a^mDi C Ox{-G) ■ r(|| mD \\) C Oxi-G) ■ r{\\ (m - i)D ||) C a^mEi 

for every m > i. Proposition 3.1 iv) implies r(A- || D ||) C r(A- || E ||) for every A G R>o, 
and the reverse inclusion follows by symmetry. □ 
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Proposition 5.2. If D is a divisor on X such that Ox{D) has non-negative litaka di- 
mension, then the set of F- jumping numbers of the graded sequence of ideals {a\mD\)m>i 
is discrete. 

Proof. It is enough to show that for every Aq > 0, there are only finitely many different 
values for r(A- || D ||), with A < Aq. Furthermore, it follows from Proposition 3.1 iii) that 
it is enough to only consider A G Q>o- 

Let if be a very ample divisor on X and let dim(X) = n. We also fix a divisor A 
such that both A and A — XqD are nef (for example, A could be a large multiple of an 
ample divisor). In this case A — XD is nef for every A with < A < Aq. For every such A 
which is rational. Theorem 4.1 implies that 

r(A- II D II) Ox{Kx + A+{n + l)H) 

is globally generated. In particular, its space of global sections Va, which is a linear 
subspace of V := H^{X, Ox{Kx + A + {n + 1)H)), determines r(A- || D ||). Furthermore, 
if A,. < . . . < Ai < Aq, then Vx^ ^ • • • ^ Vx^. Since V is finite-dimensional, this clearly 
bounds the number of distinct values for r(A- || -D ||) with A < Aq. □ 

In characteristic zero, Hacon used global generation results to attach a type of 
asymptotic multiplier ideal to a pseudo-effective divisor. The analogous construction works 
also in positive characteristic, as follows. Suppose that D is a pseudo-effective R-divisor 
on X. For every ample R-divisor A, the sum D + A is big. In particular, ii D -\- A is a. 
Q- divisor, then we may consider r(A- || D + A \\) for every A G R>o- 

Proposition 5.3. For every pseudo- effective H-divisor D and all A G R>oj there is a 
unique minimal element, that we denote by t^{X- \\ D \\), among all ideals of the form 
r(A- II D + A II), where A varies over the ample H-divisors such that D + A is a Q-divisor. 
Furthermore, there is an open neighborhood U of the origin in N^(X)r such that 

r+(A- \\D\\) = r{X- \\D + A\\) 

for every ample divisor A with D + A a Q-divisor and such that the class of A lies in U. 

Proof. Note first that if Ai and A2 are ample divisors with both D + Ai and D + A2 
having Q-coefficients and such that Ai — A2 is ample, then a\m{D+A2)\ ^ <^\m{D+Ai)\ for all 
m ^ 0. This implies 

r(A- \\D + A2 II) Cr(A- \\ D + A^ \\). 

Choose a very ample divisor H on X and put n = dim(X). Suppose now that B is 
a fixed ample divisor such that B — XD is ample. If A is an ample R-divisor such that 
D -|- ^4 is a Q-divisor and B — X{D + A) is ample, then Theorem 4.1 implies that 

r(A- \\D + A\\) ®Ox Ox{Kx + (n + l)H + B) 
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is globally generated (if A is not rational, then we apply the theorem to some rational 
A' > A such that B - \'{D + A) is still ample and r(A- \\ D + A \\) = r(A'- \\ D + A ||)). 
In particular, we see that r(A- || D + A ||) is determined by the subspace 

Wa := r(A- \\ D + A \\) Ox{Kx + (n + l)H + B)) 

<ZW := H\X, Ox{Kx + {n + l)H + B)). 

Since W is finite dimensional, we can find some A as above such that Wa is minimal 
among all such subspaces. Given any ample Ai such that D + Ai'is a, Q-divisor, we may 
choose an ample A2 such that both A — A2 and Ai — A2 are ample Q-divisors. As we have 
seen, this implies 

(10) r(A- \\D + A2 II) C r(A- \\ D + A, \\) and r(A- \\ D + A2 \\) C r(A- \\ D + A \\). 

Note that B — X{D + A2) is ample, and the second inclusion in (10) implies in particular 
that Wa2 ^ Wa- By the minimality in the choice of A we have, in fact, Wa = Wa2, and 
therefore 

r(A- \\D + A2 II) = r(A- \\ D + A \\) C r(A- || + ||). 
This shows that r(A- || + A ||) satisfies the minimality requirement in the proposition. 

Suppose now that U consists of the classes of those E such that A — E is ample. 
In this case U is an open neighborhood of the origin in N^(X)r which satisfies the last 
assertion in the proposition. Indeed, if A' is ample such that D + A' is a. Q-divisor and the 
class of A' lies in U, then the argument at the beginning of the proof gives the inclusion 
r(A- II D + A' II) C r(A- || D + A ||), while the reverse inclusion follows from the minimality 
of r(A- II D + A II), which we have proved. □ 

In the next proposition we list several properties of this new version of asymptotic 
test ideals. 

Proposition 5.4. Let D be a pseudo-effective H-divisor on X and let A G R>o- 

i) If E is a pseudo- effective H-divisor on X , numerically equivalent to D, then 

r+(A- ||D||) = r+(A- II Ell). 

ii) If fi > X, then 

rAf^- \\D\\)Cr^{\. \\D\\). 

iii) If B is a nefR.- divisor, then 

r^A. ||D||)Cr4A. \\ D + B \\). 

iv) We have r+(A- || D \\) = r+(|| XD ||). 
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Proof. The assertion in i) follows from definition, once we note that if A is ample, then 
we can write D + A = E+{A + D — E) and A + D — E is ample. The inclusion in ii) 
follows from definition and the fact that for every ample R-divisor A such that D + A 
has rational coefficients, we have 

r(/i- II D + A II) C r(A- II D + A II). 

In order to prove iii), let A be ample such that D + B + A is a. Q-divisor, and the 
class of A in N^(X)r is in a small enough neighborhood of the origin, so that 

r+(A- \\D + B\\)= r(A- \\ D + B + A ||). 

Since B is nef , A + B is ample, hence we can find an ample divisor A' such that A + B — A' 
is ample and D + A' is a Q-divisor. In this case 

r(A- \\D + B + A\\)D r(A- \\ D + A' \\) D r+(A- || D ||), 

where the first inclusion follows from the fact that a\m{D+A+B)\ ^ CL\m(D+A')\ for all m 
divisible enough. 

Let us now prove iv). Suppose that A is an ample divisor such that D + A has 
rational coefficients and the class of A in N^(X)r lies in a sufficiently small neighborhood 
of the origin. If A' > A is rational and close enough to A (depending on A), then 

r4A- \\D\\) = r(A. \\ D + A \\) = r(A'- \\ D + A \\) = r{\\ X\D + A) ||). 

On the other hand, the difference X'{D + A) - \D = (A' - \)D + \' A is ample if A' - A 
is small enough, hence 

r+dl \D ||)Cr(|| \'{D + A) ||) = r^A- \\ D \\). 

In order to prove the reverse inclusion, let us choose an ample R-divisor B such that 
\D + B is a Q-divisor and r+(|| \D ||) = r(|| \D + B ||). Since B is ample, we can choose 
an ample R-divisor A' such that B — \A' is ample and D + A' is a, Q-divisor. We can 
choose now /i > A such that /i G Q and /i — A is small enough, so that 

(AD + B)- n{D + A') = (A - i2)D + {B- jjA') 

is ample. Furthermore, since /i — A ^ 1, we have 

r(A- \\D + A'\\) = r(/i- \\ D + A' \\) = r(|| ^(D + A') ||) C r(|| AD + 5 ||) = r+(|| \D ||), 

hence by definition we obtain r+(A- || D \\) C r+(|| XD \\). This completes the proof of 
iv). □ 

Remark 5.5. In general, even for a big Q-divisor D, the two ideals ^"^(A- || D ||) and 
r(A- II D II) might be different. Suppose, for example, that n: X ^ W is the blow-up 
of a smooth projective variety W of dimension > 2 at a point, and E is the exceptional 
divisor. Let if be a very ample divisor on W such that tt*{H) — E is ample. Note that 
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for every non-negative integers r and s, the ideal a\rn*{H)+sE\ is equal to Ox{—sE). Using 
this, it is easy to see that if D = 7t*{H) + E, then for every positive integer m we have 

r(m- II D II) = Ox{-mE) and r+(m- || D ||) = Ox{-{m - 1)E). 



6. The non-nef locus of big divisors 

In this section we prove Theorems B and C stated in the Introduction (in a more 
general version, in which we sometimes do not need to restrict to closed points). As in the 
previous sections, we assume that X is a smooth projective variety over an algebraically 
closed field k of characteristic p > 0. Let n = dim(X). 

Theorem 6.1. Let Z be an irreducible proper closed subset of X . For a big Q-divisor D , 
the value ord^(|| -D ||) only depends on the numerical equivalence class of D. Furthermore, 
the function D — )■ ord^dl D \\) extends as a continuous function on Big(X)R, also denoted 
by ord^dl - II). 

Proof. For the first assertion, by homogeneity we may assume that D has integer coeffi- 
cients. If bm = rim- II D ||), then Proposition 3.2 implies ord^(|| D \\) = sup^>| 
Since the ideals bm only depend on the numerical equivalence class of D by Proposi- 
tion 5.1, we obtain the first assertion in the theorem. The second assertion now follows as 
in [ELMNP, §3], where the argument is characteristic- free. □ 

Theorem 6.2. Let Z be an irreducible proper closed subset of X and assume that either 
the ground field k is uncountable, or Z consists of a point. If D is a big divisor on X , 
then the following are equivalent: 

i) Z is not contained in B_{D). 

ii) There is a divisor G onX such that Z is not contained in the base locus of \mD+G\ 
for every m > 1. 

iii) There is a real number M such that OTdz{ci\mD\) < M for all m with \mD\ non- 
empty. 

iv) ordzdl D II) = 0. 

v) For every m>\, the ideal r(|| mD ||) does not vanish along Z . 

Proof. The proof is similar to the one in characteristic zero (see [ELMNP, §2]). With 
the notation in the proof of Theorem 6.1, we see that ord^(|| D ||) = if and only if 
oi(\z{bm) = for every m > 1. This proves the equivalence iv)-^v). 

We now prove the implications v)^ii)^i)^iv). Let us show v)^ii). Let H he a 
very ample divisor on X and let G = Kx + {n + 1)H. It follows from Theorem 4.1 that 
the sheaf r(|| mD ||) Ox{mD + G) is globally generated. If v) holds, this implies that 
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for every m > 1 there is a divisor in \mD + G\ that does not vanish at the generic point 
of Z, hence ii). 

For the imphcation ii)^i) we make use of the hypothesis on Z and k. This imphes 
that if Z is contained in a countable union of closed subsets, then it is contained in one 
of these sets. Therefore if Z C B„(D), then there is an ample Q-divisor A such that 
Z C B(D + A). However, if G is as in ii), then for m ^ the divisor mA — G is ample, 
hence Z C B(D + A) = B(mD + mA) C B(mD + G), a contradiction. 

We now show i)^iv). Let {Ai)i>i be a sequence of ample Q-divisors whose classes 
in N^(X)r converge to zero. It follows from i) that Z ^ B(D + Ai) for any which 
in turn implies that OTdz{.^\r(D+Ai)\) = for r divisible enough. We thus deduce that 
ord^dl D + Ai II) = for all z, and by continuity of ord^dl — ||) we conclude that 
ordz(||I?||)=0. 

In order to complete the proof of the theorem it is enough to also show the im- 
phcations ii)^iii)^iv). Suppose first that ii) holds. Since D is big, there is a positive 
integer ttlq and an effective divisor T linearly equivalent to m^D — G. In this case 
T + mD + G is linearly equivalent to (m + mo)D, and the assumption in ii) implies 
OTdz{ci\(^m+ma)D\) < oidz Ox{—T). This gives iii), by taking M to be the maximum of 
oidz Ox{—T) and of those OTdz{ci\mE,\), with m < uiq and \mD\ non-empty. Since iii) 
clearly implies iv), this completes the proof of the theorem. □ 

Remark 6.3. If in Theorem 6.2 we allow D to have rational coefficients, the equivalence 
between i), iv), and v) still holds. Indeed, it is enough to apply the theorem to rD, where 
r is a positive integer such that rD has integer coefficients. 

Corollary 6.4. If D is a big Q-divisor on X , then D is nef if and only «/r(|| mD ||) = Ox 
for every m>l. 

Proof. Note that D is nef if and only if x ^ B_(Z}) for every x E X. By Theorem 6.2, 
this is equivalent with the fact that r(|| mD ||) does not vanish at x, for every x G X and 
every m > 1. □ 

Corollary 6.5. If Z and k satisfy the condition in Theorem 6.2, then for every big R- 
divisor D on X, we have Z ^ B_(Z)) if and only if oidz{\\ D ||) = 0. 

Proof. If Z is not contained in B_(D), then we obtain ord^dl -D ||) = arguing as in 
the proof of the implication i)^iv) in Theorem 6.2. Conversely, suppose that we have 
ord^dl D II) = 0. Let us consider a sequence of ample R-divisors {Am)m>i whose classes 
in N^(X)r, converge to zero and such that all D + A^ are Q-divisors. It is easy to see that 
ord^dl D + Am II) < ord^dl D ||) = 0, hence applying Theorem 6.2 (see also Remark 6.3) 
we get Z ^ B_(D -|- Am) for every m. Under our assumptions on Z and k this implies 
that Z is not contained in B„(Z}) (see Proposition 2.2 vi)). □ 
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7. The case of pseudo-effective divisors 

The picture at the boundary of the pseudo-effective cone is more comphcated. In 
particular, the function ord^dl — ||) might not admit a continuous extension to the 
pseudo-effective cone, see [Nak, IV.2.8]. In this section we explain, following the approach 
in [Nak], how the results in the previous section need to be modified in this context. 

If D is a preudo-effective R-divisor on X, then for every ample R-divisor A, we 
know that D + A is big. If Z is an irreducible proper closed subset of X, then we put 

(TziD) := supord^dl D + A \\) e R>o U {oo}, 

A 

where the supremum is over all ample R-divisors A. Note that if Ai and A2 are ample 
and Ai — A2 is ample, then ord^dl D + Ai ||) < ord^dl D + A2 ||). It is then easy to 
deduce that if {Am)m.>i is a sequence of ample divisors whose classes in N^(X)r, converge 
to zero, then az{D) = limm-i-oo ord^dl D + Am ||). Using the continuity of ord^(|| — ||) 
on the big cone, we see that az{D) = ord^dl D ||) if D is big. 

It is straightforward to see from definition that az{D) only depends on the equiv- 
alence class of D. Therefore we may and will consider az as a function on the pseudo- 
effective cone of X. 

Proposition 7.1. The function Oz is lower semi- continuous on the pseudo- effective cone. 

Proof. Note that by Theorem 6.1, each function ipA given by ipA{D) = ord^dl -D + A ||) 
is continuous on the pseudo-effective cone (here A is an arbitrary ample R-divisor). Since 
az = sup A ¥^ A, it follows that az is lower semi- continuous. □ 

Theorem 7.2. Let Z be an irreducible proper closed subset of X and assume that either 
the ground field k is uncountable, or Z consists of a point. If D is a pseudo- effective 
divisor on X , then the following are equivalent: 

i) Z is not contained in B_(Z}). 

ii) az{D) = 0. 

iii) The ideal r+(|| mD \\) does not vanish along Z for any m > 1. 

Proof. Let us fix a sequence of ample R-divisors (Aj)j>i whose classes in N^(X)r converge 
to zero, and such that all D + Ai have rational coefficients. By definition, we have crz{D) = 
if and only if ordz(|| D + Ai ||) = for all i. On the other hand. Proposition 2.2 vi) gives 
B_(D) = [j-'B_[D -f Ai), hence our hypothesis on Z and k implies that Z ^ B_(D) if 
and only if for every i we have Z ^ B_(il) -t- Ai). Therefore the equivalence of i) and ii) 
follows from the equivalence of i) and iv) in Theorem 6.2 (see Remark 6.3). 

Suppose now that ii) holds, hence ord(|| D -\- Ai \\) = ioi all i. It follows from 
Theorem 6.2 (see also Remark 6.3) that for every m > 1, the ideal r(|| m{D + A^) ||) does 
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not vanish along Z. Since r+dl mD ||) = r(|| m(D + Aj) ||) for i ^ 0, we get the assertion 
in iii). 

Suppose now that iii) holds. If ii) fails, then there is i such that ord^(|| D + Ai ||) > 0, 
hence for some m > 1, the ideal r(|| m^D + Ai) ||) vanishes along Z. Since we have 
r+(|| niD II) C r(|| m{D + A^) ||), we obtain a contradiction with iii). This completes the 
proof of the theorem. □ 

Remark 7.3. It is shown in [Nak, Proposition II. 1.10] that if D is a pseudo-effective 
divisor on X and Ei, . . . ,Er are prime divisors such that aEi{D) > for all i, then for 
every ai, . . . ,ar G R>o and every i, one has aEii'^i^i + • • • + otrEr) = oti (note that the 
proof therein is characteristic- free). In particular, this implies that the classes of i^i, . . . , -E^ 
in N^(X)r, are linearly independent, hence r is bounded above by the Picard number p{X) 
of X. If we assume that the ground field is uncountable, we deduce using Theorem 7.2 
that the number of irreducible codimension one subsets of B_(L') is bounded above by 
p{X). 
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